Chiral Liquids in 1-d: A New Class of NFL-Fixed Points 
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We identify a non Fermi Liquid (NFL) class of fixed 
points describing the infrared behaviour of interacting chiral 
fermions in one dimension. The thermodynamic properties 
and asymptotic correlation functions are characterized by uni- 
versal exponents, which we determine by means of conformal 
and Bethe-Ansatz techniques. The mechanism leading to the 
breakdown of Fermi-Liquid theory is quite general and can be 
expected to be realized in systems with broken T-invariance. 
As an example we study the edge states of interacting QHE 
systems. We calculate the universal frequency dependence of 
the spin conductance in these systems as well as the NMR 
response. 

71.27.+a 



Models displaying Non-Fermi-Liquid (NFL) behavior 
have been intensely studied following the suggestion that 
the normal phase of the cuprate superconductors can- 
not be- described in terms of the conventional Landau 
theoryu. A much studied example are the Luttinger liq- 
uids, a class of one dimensional models whose behavior 
in the infrared (IR) limit is given by the Luttinger model 
(in the language of conformal field theory a c = 1 bosonic 
field theory) characterized by single particle correlation 
functions having only cuts with non-universal exponents. 

In this article we identify a large new class of IR fixed 
points, to be refered to as chiral fluids, available in one 
dimension to interacting fermions with different numbers 
of left and right moving degrees of freedom. The new 
fixed points describe NFL physics, and are universal in 
character, independent of the strength of the interaction. 

Systems described by chiral fluids break T-invariance; 
this may occur explicitly, in the presence of a magnetic 
field, or spontaneously by the interactions. The edge 
states in a paired sample of integer QHE systems furnish 
a concrete example: Thus consider two integer QHE sys- 
tem arranged side by side (see Fig. |l|), with the left 
(right) filling factor v L = f L (v R = f R ) with f L (f R ) in- 
tegers. The samples can be considered unpolarized over 
a large range of the parameter space due to the smallness 
of the Zeeman energyo, E z ~ OAK. Along the common 
edge there are then jj, channels of left moving and f R 
channels of right moving fermions. These are good quan- 
tum numbers even for a non-vanishing overlap integral 
t since only virtual hoppings are allowed between the 
left and right samples which are gapped by the cyclotron 
frequency lu c . Below we shall see that the resulting in- 



teraction leads to some novel features in the low energy 
dynamics. 



v L = 2 



v R =3 



FIG. 1. Possible realization of chiral liquids. Two integer 
QHE systems side by side with filling factors vz, = ft = 2, 
and ur — fn — 3. The lines represent the edge states. 

Fixed points of one dimensional quantum field theo- 
ries can always be related to two dimensional statistical 
models, and thus the general theory of such fixed points 
is conformal field theory (CFT)B. A general classifica- 
tion of fixed points (likely to arise physically) is known, 
as are calculational techniques for determining arbitrary 
Green's functions. Various approaches to the subject ex- 
ist; one can study an action which flows to the fixed 
point of interest, or define a model by its symmetries 
and use techniques of 'current algebra' to compute corre- 
lation functions. We will do both in this note. A direct 
way to search for and classify NFL behavior is to use al- 
gebraic results for correlation functions. However, merely 
showing that a certain fixed point exists abstractly does 
not make it a physical model. The main points of our 
work are first, that we have explicit models of interact- 
ing fermions which realize these fixed points, and second, 
that they illustrate a very general mechanism for produc- 
ing NFL behavior. 

We start with the hamiltonian, 

H = -iv F J dx ( ip* R a r (x)d x ip R ^ r (x) 



\r=l 



(1) 
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The fields ip R a r (x) (ip^ a ; (x)), with a = ±1 the spin in- 
dex, and r = 1.../r, (I — L-./l) the right (left) flavor in- 
dex, create right-(left-) moving particles with a linearized 
dispersion e = ±vf(/c — kp). Since the flavor and spin 
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indices enter the hamiltonian on equal footing, it has the 
symmetry U(2f£) ® U{2f R ) under independent unitary 
transformations on ipL and i/j r . 

The first interacting model we consider, to illustrate 
some of the ideas, is the familiar example of the Luttinger 
model obtained by adding interactions in the charge sec- 
tor. The hamiltonian is (here we choose f R = /l), 

H = H q + g 2c J dxp L {x)p R {x) 

+ g^c / dx (p L {x)p L {x) + p R (x)p R {x)) , (2) 



where the right-moving charge-density is p R {x) = 
J21=i*Pr a r( x )^R,a,r(x), and a similar definition holds 
for the left movers. Renormalization group calculations!!! 
indicate that the model is conformally invariant (in the 
infinite cut-off limit.) As is well known, upon express- 
ing the hamiltonian in terms of bosonic fields it becomes 
quadratic and can be solved by a Bogoliubov rotation. 
The <74c term modifies the charge velocity (without de- 
stroying the FL property at the Fermi surfaced), while 
the effect of the gi c term is to modify the exponents of 
the fermionic correlation functions destroying the pole 
structure characteristic of a FLD. 

In the language of CFT, the essential features of this 
model which make it a NFL are as follows. First, the 
model can be decomposed into two non-interacting sec- 
tors, a spin/flavor sector and a charge sector. The de- 
composition is 



SU{2f L ) x x U{1) ® SU(2f R ) 1 x U(l) 



(3) 



in a notation we proceed to describe. The notation 
ll SU(N) k " stands for a level-fc chiral WZW modell It is 
the unique chiral CFT containing SU(N) current algebra 
of central charge k and no other degrees of freedom. The 
'central charge' k determines the two-point function of 
the symmetry currents, < J a (xi) J b (x 2 ) >= k/(xi—x 2 ) 2 . 
We normalize the currents so that they have the same 
commutation relations as generators of the fundamental 
representation t a satisfying tr t a t b = ±<5 afc (for SU(2), 
t a = \<J a )- Then, / flavors of complex fermions have 
SU(f)k=i current algebra. In a CFT the currents and 
stress tensor are chiral, so there are independent left and 
right central charges fez, and k R . 

A similar quantity is the conformal central charge c, as- 
sociated with the two-point function of the stress tensor. 
We will always use the word 'conformal' when referring 
to it. Here it takes the value, 



(N 2 - l)fc 
(k + N) 



(4) 



General results of CFT show that the IR limit of the 
specific heat of any gapless model will be linear, cy = 
jj(cl + c R )T. Similarly the IR limit of the magnetic 
susceptibility of a spin system is the constant x = (kz + 



k R )vo, (^o = 1/ttuf the density of states per unit length) 
whether the fixed point describes a FL or not. 

The "C/(l)" also denotes a chiral CFT: it contains the 
U(l) current algebra and has c = 1. We have indicated 
by " x " a product of theories which are essentially decou- 
pled; "(8)" has the same meaning but separates the left 
and right moving subsectors. 

To prove that this product of decoupled theories is 
equivalent to the Fermi theory , one first observes that 
the Fermi theory has the stated current algebra, show- 
ing that it must at least contain this product of chiral 
WZW models. One then computes the sum of confor- 
mal central charges of (|J) and observes that it is equal to 
that of the Fermi theory. Thus any degrees of freedom 
not accounted for would form a unitary CFT of central 
charge zero, which is trivial. The (right-moving) fermion 
creation operator is a product of operators from the two 
sectors, ip R , a ,r = e l< ^ R g R r , where g ar is a field in the 
spin/flavor sector, transforming in the fundamental rep- 
resentation of SU(2f R ), and 4>R is the charge field. 

The U(l)®U(l) charge sector contains a marginal op- 
erator which changes the central charge. As a result the 
dimension of e 1 ^ will change, and and so will dimension 
of ip from 1/2 to (say) A. One must show by explicit 
computation that 52c couples to this operator (it clearly 
does not affect the spin/flavor sector). The reward for 
doing this is that since there is no scale at the IR fixed 
point, the IR limit of the single particle Green's function 
is uniquely determined to be 



< Tp{xi)lp* {X 2 ) >= {Xi - X 2 ) 



-2A 



(5) 



and A 7^ i directly implies NFL behavior. 

It is this strategy which we will generalize to find new 
fixed points. The kinematics of one dimension permits 
many decompositions of the sort we just used, because a 
linear combination of any number of left (right)-movers 
is again a left (right)-mover. A powerful way to find 
them is to choose other decompositions of the symmetry 
group of the theory. One can then build general states 
and operators using the action of the symmetry currents 
on a finite set of primary fields. 

We will discuss models with interactions between the 
spin-densities (currents, in the CFT language), S l L and 
S R , where S l L (x) = Si^x) = T. a .b,i^l,a,i<,b^L,b,i 
(similarly for S R ). These satisfy two commuting SU(2) 
current algebras (Kac-Moody algebras) with central 
charges f L and f R . 

Now the appropriate decomposition to make is into 
a product of three sectors, containing the spin, flavor, 
and charge symmetries!! The free fermion theory ([!]) is 
equivalent to the model 

SU(2) fL xSU(f L ) 2 x U(l) ® 5(7(2) /fl x SU(f R ) 2 x U(l) 

(6) 

One proves this the same way as for (^), by compar- 
ing the symmetries and central charges. The currents 
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spanning the left-spin SU(2)f L theory are S L (x), and 
the flavor currents spanning the left-flavor SU{fi,)2 the- 
ory are F£(x) = E.^,,W = Ea.l^Xk^.a.k 
with X A in the fundamental representation of SU{fi l ). 
Similar comments apply to the right hand sector. The 
fermion creation operator now becomes ipR,a,r(x) = 
gfi(x) h r R (x) e % ^ R ( x ' where g a and h r are fields in the 
spin and flavor sectors, respectively, transforming in the 
fundamental representation of SU(2) and SU(/r), and 
4>r is the charge field. The dynamics of the three sectors 
decouples. 

We proceed to study IR fixed points of models obtained 
by adding spin-exchange interactions to Hq, 



H = H + J2jdx {9s) rl S Rjr {x)Si tl {x) 

r,l,i 



(7) 



with (g s ) a matrix of couplings. The models are isotropic 
when the matrix elements are all equal, (g s ) rl = ffs- The 
interaction breaks the separate left and right SU(2) spin 
symmetries but preserves a global SU(2). 

Standard perturbative calculations show that this per- 
turbation is marginally relevant and destabilizes the weak 
coupling fixed point. We will first give general arguments 
from CFT to identify the resulting IR fixed point. We 
will then describe thermodynamic Bethe Ansatz (TBA) 
results which confirm this identification and allow study- 
ing the flow in detail. 

We begin by discussing the flavor-isotropic model, 
characterized by one coupling g s . For Jr—Jl, the model 
is chirally invariant and flows to a strong coupling fixed 
point generating a mass gap. If we use the decomposition 
(^J), the interaction will affect only the spin sector, and 
thus the IR fixed point will still be non-trivial, describing 
gapless flavor and charge excitations. However the single 
particle Green's function necessarily couples to the spin 
sector as well and thus sees the gap. 

We now argue that for /h > ft, the spin sector of the 
model is gapless, and flows to a non-trivial fixed point. 
We use the following result: under any flow, the differ- 
ence of conformal central charges (here referring to the 
spin sector only) between left and right, cr — cl, and 
the difference of Kac- Moody central charges, /r — Jl, 
must be preserved. The simplest proof uses the concept 
of 'anomaly matching,' familiar in the particle physics 
literaturetfl. Let us make the argument for the difference 
of the Kac-Moody central charges Jr — Jl ■ This is the 
coefficient of the two-point function of the spin current, 
and if it is non-zero this current cannot be consistently 
coupled to an SU(2) gauge field. The theory can be made 
consistent by adding decoupled chiral degrees of freedom 
to bring the total Kac-Moody charge to zero. Once we 
cancel the anomaly, whatever theory we flow to in the 
IR can manifestly be coupled to a gauge field. Since the 
extra chiral degrees of freedom do not participate in the 
flow, the original Jr — /l must be preserved. The same 
argument can be made for cr — cl by considering the 



coupling of the stress-tensor to a two-dimensional met- 
ric. 

Since cr — cl the IR fixed point is non-trivial, 
and since /r — Jl > it has a non-trivial SU (2) spin 
symmetry. On general grounds one expects to get the 
theory with the lowest possible conformal central charge 
cr + cl, consistent with the known cr — cl, Jr — Jl 
and the symmetries. This is because c — p* + cl always 
decreases under RG flow (the c-theoremO) and thus a 
generic perturbation will send us to this theory. 

In fact there is a unique such fixed point theory. It is 



SU{2) fL x SU(2) fR _ fL 
SU(2) fR 



»SU(2) tR . 



(8) 



The right movers are the chiral WZW model SU (2) t R —t L 
while on the left, we introduced a new natation for 'quo- 
tient,' which denotes a chiral coset CFT Ej. This sector is 
spin singlet and has conformal central charge which is the 
difference of those of the numerator and denominator, so 
this ansatz matches cr — cl. 

We will confirm this prediction of the IR fixed point 
for the model (0) below by appealing to TBA results. It 
is important to realize however that the result is more 
general than these specific models and follows from the 
two assumptions of chirality and non-abelian (in our case 
SU(2) spin) symmetry. (Although the same argument 
can be made for U(l), the fixed points one then obtains 
are not really new.) We refer to this mechanism as 'chiral 
stabilization.' 

The UV and IR limits of the specific heat and the 
magnetic susceptibility can be determined from the cen- 
tral charges. The specific heat willJae linear in T in the 
UV and in the IR (with correctionsE3) , and will undergo 
the flow: 



"7 = g(/i+/fl)T 



7T / , 3(fR-h) 

e[ fL + fR+ fR-h + 2 



f R + ' 



T (9) 



where we also included charge and flavor contributions. 
The flow in the susceptibility will be, \ uv = (fR + 
/lH ->■ X ir = (fR ~ h)va, leading to a Wilson ratio 

Rw=(f L +fR + ¥^-j R %)/(fR-f L ). 

We discuss now the operators around the IR fixed 
point. A SU{2)k theory contains primary fields 
(jy> m >3 m (x,t) transforming under a particular left and 
right representation of the symmetry. There is a finite 
number of operators allowed: < j, j < fe/2, and their 
dimension is ft. = jfej^ ■ F° r the coset theory there is 
a single primary cf>j'/, for each choice < j < fi/2, 
< f < Ur - /t)/2 and < j" < f R /2. The dimen- 
sion of the primary is the difference of the dimensions 
of the group primaries, up to an integer. We can thus 
match the physical fields with the operator basis around 
the fixed point and read off the IR behavior of the corre- 
lation functions, 
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<Vi,«,l(MWi,a',J'(0,Q) > 

_» ^^"'(x - v F i)-( 1+<5t )(a; + w F t)"' 51 ' 

-> <5 aa > r '(z - w F i)"^(x + v F t)-^ 1+s ^ 
<Si(x,t)Si(0,0) > 

-> + i, F i)~ V - 4t 2 )- 4 /W«-^+ 2 ) 

<S^(as, t)5jj(0,0) ^^(s-Uft)- 2 

with 5 L = 3/2(/r - /l + 2) and ^ = 3/ L /2(/ fl - / L + 
2)(/ii — /t)< This holds for any value of / £ < / F except 
when /fl— /t = 1, in which case the anomalous dimension 
in the Sx correlation function is 2. 

These results establish that the model (0) is a NFL. 
The momentum distributions for small momenta are 
n a (k) ~ |fc — fe F | ■ In these expressions the left and 
right components move with velocity u F . One can in- 
clude as well interactions in the charge degrees of freedom 
of the form (|J). The coupling g^ c would modify vp, while 
the coupling g 2c would again vary the central charge in 
the U(l) charge sector. Thus each of our models can flow 
to a line of fixed points, generalizing the Luttinger liquid. 
See Fig. |. 



Universal fixed points in the spin sector (we 
have indicated some possible RG flows to 
available fixed points. The particular fixed 
g point to which the model will flow depends 

on the value of f R - f L ) . 

A 




The Luttinger liquid 



FIG. 2. Fixed point structure of the model. 

These fixed points are robust against small exchange 
asymmetry, given by perturbations of the form UjS^Si. 
The IR limit of the perturbation is expected to contain 
the operator of lowest dimension with the same quantum 
numbers. For SU(2), the symmetry breaking operators 
have a spin 1 (fij = —tji) component and a spin 2 (tij — 
tji) component. These will flow to operators with the 
SU(2) quantum numbers realized entirely on the right 
(for f R > fx). 

The simplest case to analyze is fxt — fx = 1, because 
the chiral WZW model appearing in (|^) has no primary 
fields of spin j > |, and thus the leading operators with 
SU(2) spins 1 and 2 are f ijk J k and : JV J ' :. The per- 
turbation is a scalar operator and if there also exists an 



operator in the coset sector with the same dimension, 
their product will be the IR limit. The stress-tensor is 
dimension 2 and thus the spin 2 perturbation flows to 
: J l J° : T, an irrelevant operator. It is a non-trivial fact 
that the cosets appearing in (||) (the BPZ minimal mod- 
els) do not contain dimension 1 operators, and thus the 
spin 1 perturbation must flow to an operator of higher 
dimension, also irrelevant. 

Given both the UV and IR results, it is very plausible 
that small symmetry breaking perturbations are irrele- 
vant all along the flow. For fxi — fx > 1, primary fields 
of SU(2) spin 1 will exist, and then the IR limit of the 
symmetry breaking perturbation can be relevant. 

By contrast, flavor anisotropy tends to be relevant. 
Here we discuss the various limits of extreme anisotropy. 
These can be modeled as a sequence of flows, each of 
the type described above. Consider for example a cou- 
pling g rl = gi for r < fm and g rl = g 2 for r > fm- 
This breaks the SU(fn) x U(l) right flavor and charge 
symmetry down to SU(f m ) x 17(1) x SU(f R2 ) x 17(1) 
with fm + fm = fa- Clearly we want to bosonize the 
two groups of right fermions separately, introducing spin 
densities S R1 and S R2 generating SU (2) Kac-Moody al- 
gebras of level fm and fm, so that the interaction will 
again involve only the spin sector of the theory. 

In the limit g\ 3> g 2 , we can regard the g\ interac- 
tion as generating precisely the flow described above, ap- 
proaching arbitrarily closely to the IR fixed point de- 
scribed above. We can then identify the g 2 interaction 
as a specific perturbation of this IR fixed point using our 
earlier results. If it is still marginally relevant, this will 
produce a flow to a final IR fixed point. Of course this 
analysis would be reversed for g 2 -C g±. For the inter- 
mediate regime, we can make a guess as to the likely 
behavior by appealing to the c-theorem: if one of the 
two final IR fixed points reached by the two limits of ex- 
treme anisotropy has higher c, it is likely that any finite 
anisotropy will cause the flow to continue to the other IR 
fixed point. 

There are several patterns which can arise in our 
example. If fm > /i > fm, the gi > g 2 
limit will start with the flow SU(2) fL <g> SU(2) fR1 x 

SU (2) fR2 -> g^ggg^ g, SU(2) fR1 . fL x 

SU(2)f R2 . The remaining interaction is irrelevant at this 
fixed point. The 172 3> <?i limit will follow a dif- 
ferent sequence: SU(2) Jl ® SU(2) Jr2 x SU(2) fm -> 

SU(2) fL . fR2 SUi2h ^J } ^--^ x SU(2) fR1 -> 

SU(2)f L -f R2 xSU(2)f R1+jR2 - jL SU(2) fR2 xSU(2) fL _ fR2 

SU(2) fR1 ^ SU(2) fL X 

s U(2)f R1+ f R2 - fL . If fx > fm > fn.2, the two limiting 
sequences are both of the latter form - precisely this if 
92 ^ 91, and with fm and fm interchanged for g\ ^> g 2 - 
One can check that in either case, if fm > fn2, the re- 
sult of the g 2 ^> g\ sequence always has lower c than the 
result of the g\ 3> g 2 sequence, making it the IR fixed 
point for generic anisotropy. The correlation functions 
for this case can be found by the same means and will be 
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given in a subsequent work. 

One may also drive the charge sector to universal NFL 
fixed points. Indeed, the charge sector of Ho has a 
particle-hole SU(2) symmetry with the (right) charge be- 
ing the third component C z> a, r — \ J V'ii,a,7-( a; )V , fl,a,r0c); 

Cr,t = J^t,rWurW and C~ = ((7+)*. Then, the 
previous arguments indicate that adding an interaction 
term (an umklapp term) ^ J dx {g c ) rl C R r {x)C l L ^x) 
would drive the model to a chiral NFL fixed point in 
the charge sector. Again, the resulting charge correla- 
tion functions would be characterized by the exponents 
discussed above. 

We can actually follow the flow at any scale by solv- 
ing the, model exactly. The model exhibits dynamical 
fusionlifl (a different approach was given ir£3), and allows 
a solution by a method developed in the context of the 
anisotropic multichannel Kondo modelE£l. We find that 
the model generates scales m l Ll m R : I < /l, r < fa, 
parameterizing the patterns of flavor symmetry break- 
ing, and setting the scales of the excitation energies and 
momenta. The free energy in the spin sector, the only 
sector modified by the interaction with the impurity, is 
given by, 

F(T, h) = -—j J^\T m R e-t ln(l + r, r ^, -)) 
+ ^ m ^ln(l + ?7/ (£,^))j , 



(10) 



where the functions {r?(£, ^)} are the solution of the 
following system of coupled integral equations (TBA- 
equations, see Figs. |[^): 

lnry n = e« - 2-^e^ + Glnfl + Vn+1 ) 

+Gln(l + r/„_i), n = l, ...,oo, i] = 0, (11) 

with boundary condition: lnrj n — ► 2n/j,h/T. The integral 
operator G is defined by the kernel 1/(2tt cosh(£' — £)). 
In the isotropic case, m L = mi,&f ht x, m r R — ma5f R ,r- 




FIG. 3. Diagrammatic representation of the TBA equa- 
tions. Each circle corresponds to a function r/j , and the links 
indicate which functions are connected by the equations. The 
equations for \nrjf L and In77/ R have driving terms, which are 
represented by filled circles. 

The forms of the driving terms m^e^ and m^e - ^ are 
characteristic of massless left and right moving excita- 
tions, and when both occur at the same level (namely, 
when ft, = fa) a driving term mcosh£ results, indi- 
cating a mass gap. To be more explicit, consider the 



case of two-channels of right movers and one-channel of 
left movers. The two couplings g±, gi, are obtained 
by diagonalizing the matrix of couplings g r s l . Choose 
gi < g%, tfi = <?i/<?2- The physical scales then are, m R = 
2D fi cos(^)e~^; ra\ = D R e~~^ and m\ = 2£>rc~^T, 



with Dl, Da the densities of left and right moversEl 

#-*^--0-#H3--0-®-0----- 

FIG. 4. Same as the previous figure, but for a system with 
channel anisotropy 

From the TBA-equations both the. IR and the UV lim- 
its can be read off using TBA-rulealZl: the IR limit of the 
left movers is obtained from the equations by consider- 
ing the right-mass as infinitely heavy and truncating the 
equations at the level it was inserted. An analogous rule 
holds for the right movers. The UV limit is obtained, on 
the other hand, by considering the masses as vanishing. 
Applying these rules we deduce the IR limit, and find ac- 
cord with the conformal considerations. The solution of 
the equations provides in addition the full interpolation 
between the UV and IR limits 



We have solved the TBA equations (|10 Jll ) numerically 
for fa + fh = 2, 3, 6, 7, and for several values of fa — fL- 
The results are contained in Figs. p[]lO|. 

f L+ f R = 6,7 

C v /T 
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•f L =1,f R =6 
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□ □ f L =2, f R =4 

a a f L =3, f R =3 
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FIG. 5. Numerical Solution of the TBA equations: Cv/T 
vs. T for systems with /i + /r = 6, 7 

Fig. U corresponds to the linear coefficient of the spe- 
cific heat for fa + fL — 6, 7. Since the TBA equations 
describe only the spin sector, we have added to each curve 
the charge and flavor contributions. This is a tempera- 
ture independent term that can be read off eq. (El) leading 
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to Cy /T = 5(/l + /b) the noninteracting result at high- 
T. The temperature is expressed in energy units such 
that the energy scales m r L R that appear in ([ll]) are set 
to unity. The crossover to a smaller value of 7 = Cy /T 
at low-T reflects the change in the spin contribution due 
to strong coupling. The values confirm the CFT predic- 
tion (|), for f R ^ f L . For f R = f L = 3, on the other 
hand, a spin gap develops and the spin contribution falls 
precipitously, leaving only the massless charge and fla- 
vor degrees of freedom, unaltered by the interaction, to 
contribute to Cy/T. 

Within the Bethe Ansatz analysis it is possible to con- 
sider only the spin contribution to the specific heat as 
well as the individual contributions of the right and the 
left movers to the thermodynamics. We have made such 
analysis in detail for the case fn = 2, /l = 1. The spin 
sector in the UV regime correspond to SU (2)2 ® SU (2)i. 
Therefore, the CFT analysis yields 7™„ = ^ (§ + l). 
The first term correspond to the right movers, as con- 
firmed by the high-T region of Fig. |6[ whereas the 
second term corresponds to the left movers, which are 
just spinors. The IR fixed point has the structure (||), 

S - E ^mF h ® ^( 2 )i> whi <* yields 7 -„ = £ (1 + |) 
(see low-T part of Fig. ||). The spin part of the left 
movers is described by a Ising model (one majorana 
fermion) which has central charge 1/2, while the right 
movers are equivalent to regular spinons, with central 
charge 1. However, the right movers do not behave like 
regular electrons, since they have a SU(2) 2 flavor sector. 
Indeed, the total low-T linear coefficient of the specific 
heat is 7"" = § (f + §) = ff j as is shown in Fig. [|. 
Hence both right and left movers have correlation func- 
tions with anomalous exponents. 
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FIG. 6. Spin part of Cv /T for f R = 2, f L = 1. The lower 
curves correspond to the right and left movers. 

The calculation of the magnetic susceptibility, Fig. |t], 
indicates a crossover from a high-T regime where there 



are three kinds of spinons (two right movers and one left 
movers) to a completely different low-T regime. In the IR 
fixed point, the left movers form a singlet, as can be seen 
in Fig. |?] by the vanishing of ■x Le ^ t at low-T, while the 
right movers contribution corresponds to just one spinon. 
The Wilson ratio is Rw = -t? ^ = § confirming the 
CFT prediction. 
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FIG. 7. Magnetic susceptibility \ vs. T for fjt =2,/l = 1- 

f L =1, f R =2 with channel anisotropy 
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FIG. 8. Cv/T vs. T for f R + f L = 2,3 and different values 
of Channel anisotropy. The legend indicates the values of m 
which are not zero. The isotropic cases correspond to the 
cases with only two nonvanishing m: ra\ — m R = 1, and 
m} L — m R — 1. 

We consider also the effects of channel anisotropy in 
the fR = 2, jjj = 1 case, Figs.pHTo|. Channel anisotropy 



G 



in the right moving sector becomes manifest in the TBA 
equations (|TT| ) by the appearance of additional driv- 
ing terms at levels below /r (equivalently for the left 
movers). For small anisotropy (when m r ^^ R <C rn^), 
the T <C Tn r ^^ R behavior of the system corresponds to a 
new fixed point, characterized by the value of r (the level 
of the new driving term in TBA and in Fig. There is 
also an intermediate regime, rn r ^^ R <T< m Ri where 
the behavior of the system is similar to the isotropic fixed 
point. 

The behavior of 7 is shown for several values of chan- 
nel anisotropy in Fig. |[ We have also included the 
isotropic case, and the /l = /« = 1 case. At high tem- 
peratures, the behavior is the characteristic of the free 
model, with j uv = §(/r + Jl)- As the temperature 
is lowered, there is a crossover to the strong coupling 
regime. If the anisotropy is small enough, the system has 
an intermediate regime characterized by the same central 
charge as the isotropic fixed point. As the anisotropy 
increases, the intermediate region disappears. For low 
enough temperatures, T <C m^, the system flows to a 
different fixed point, with the same central charge as the 
high-T, Jr = /l = 1 case. Thus, even though the flavor 
symmetry has been broken, there are still massless modes 
in the spin sector. Notice that the low-T behavior of the 
Jl = Ir = 1 is characterized by the opening of a gap in 
the spin sector and a drop in the value of Cy /T. We also 
observe a peak in Cy /T at the crossover region for any 
anisotropy. Fig. ^ corresponds to the spin part of Cy/T, 
which has been divided into right and left contributions 
in Fig. [n]. The first thing to notice in Fig. || is that the 
value of 7"p in in the cases with anisotropy is larger than 
the isotropic value. This is so because, as indicated in the 
CFT analysis, one starts from different symmetries in the 
weak coupling region. On the one hand the isotropic case 
has a symmetry (SU(2) 2 x SU(2) 2 x U(l)) ® (5t/(2)i x 
U(l)) which yields 7 ™„ = ^ (§ + l) at high-T. On 
the other hand, the anisotropic case has a symmetry 
(17(1) x Z7(l) x SU(2) 1 x SU(2)i)®(SU(2)i x U(l)). This 
yields 7 ™ = ^ (2 + 1) at high-T. This can also be seen 
in Fig. For small anisotropy there is a crossover to 
an intermediate regime where 7 *™f^ rmediate = 
whereas for the isotropic case 7 gL„ = j% (l 
though there is a difference in the spin sector, the total 
values of 7 coincide, as we saw in Fig. 8. Notice also 
that the total spin part in the intermediate regime coin- 
cide with the high-T value for jh = f R — 1. However, 
in the latter case, there is the same spinon contribution 
from right and left movers, whereas in the former case 
we have contributions from objects with central charge 
I , i , respectively. 

Finally, at low enough temperatures, the left modes 
become massive, as in the /j, = fn = 1 case, and their 
contribution to "f sp i n vanishes. All the specific heat from 
spin modes comes from the right movers, with a con- 
tribution j S pin = yj, corresponding to a single spinon 
mode. 
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FIG. 9. Same as the previous figure, but with only the 
contribution of the spin degrees of freedom. 
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FIG. 10. Spin part of Cv /T vs. T, as in the previous figure, 
separated into the contributions from left and right movers, 
respectively. 



We return now to the example of the paired QHE sam- 
ples presented earlier. Virtual hopping between the edges 
will generate interaction terms of the form (Q) which will 
drive spin sector to exhibit a universal behavior charac- 
teristic of a chiral liquid. This fixed point will determine 
the behavior of the system down to energy scales ~ E z 
below which the system will flow to more conventional 
fixed points. The effect of the chiral fixed point will show 
up in the spin susceptibilty, in the spin conductance G s 
or in the NMR response encoded in the spin correlation 
function < S i (t,0)S i (0,0) >=< Si(t, 0)51(0, 0) > + < 
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S R (t,0)S l R (0,0) >. From our previous results we thus 
have 



1 

TTx 



id 



constant + u> c 



where a = 4/(/r - f L + 2), except when f R - f L = 1, in 
which case a = 2. 

We have thus proposed and studied models of inter- 
acting chiral fermions which realize a new class of non- 
Fermi liquids in one dimension. A general mechanism, 
chiral stabilization, was found to be the source of this 
behavior. It would apply in any model of chiral fermions 
with non-abelian symmetry, and in some cases even with 
weakly broken non-abelian symmetry. 

The generality of this mechanism suggests that many 
other experimental realizations will be found and also 
new fixed points will be identified. Higher hierarchy 
edge states in QHE systems furnish an example for both. 
When the filling factor is v = nj (np + 1) with p a nega- 
tive even number one edge state mode moves in a direc- 
tion opposite to the restllj providing a chiral imbalance. 
These modes are no longer fermions but chiral luttinger 
excitations and when allowed to interact in the manner 
discussed above new fixed points are expected to arise 
which would be observable in very clean samples. 
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